Compactness of resolvent operators generated by a class of composition semigroups on Hp  by Aleman, Alexandru
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 147, 171-179 (1990) 
Compactness of Resolvent Operators Generated by 
a Class of Composition Semigroups on HP 
ALEXANDRU ALEMAN 
Fachbereich Mathematik und Inf’rmatik, 
Fernuniversiliit Hagen, Hagen 1 D-5800 West Germany 
Submitted by C. Foias 
Received February 16, 1988 
1. INTRODUCTION 
For 1 <p < co let HP be the standard Hardy space for the unit disc A. 
A composition semigroup on HP is a semigroup { T,, t b 0} of composition 
operators of the form 
T,.f =fo4,, f eHP, t 30, (1.1) 
where {I,, t Z 0} is a semigroup of analytic functions mapping A into itself 
(i.e., 4,4= 41+s, for t, s > 0, 4,,(z) z z and (t, z) -+ d,(z) is continuous on 
[0, a) x A). Such semigroups are strongly continuous. They were first 
investigated by E. Berkson and H. Porta in [ 11. In the case when the func- 
tions q5I have a common fixed point in A for any t > 0, the point spectrum 
of the infinitesimal generator A, of (T,} on HP was determined in [ 1, 
Theorem 4.31. In -[lo] A. Siskakis proved sufficient conditions for the 
compactness of the resolvent operator R(1, AP) of A, as a linear operator 
on HP and gave examples of composition semigroups, for which this 
operator is not compact on HP. In this paper we consider the same class 
of composition semigroups as in [lo], and we prove a necessary and suf- 
ficient condition for the compactness of R(& AP) (Theorem 3.1). Further- 
more, we extend the examples given in [lo] by showing that if R(,?., AP) is 
not compact on HP, its spectrum contains a closed disc of positive radius. 
These results are proved in Section 3. In Section 2 we put together some 
lemmas which are used in the proofs of the main results. 
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2. PRELIMINARIES 
It is known [l] that if (4,) is a semigroup of analytic functions mapping 
A into itself, the infinitesimal generator of the corresponding semigroup of 
composition operators (T,} is given by 
Apf =Gf’ for f and Gf’ in HP, (2.1) 
where G is an analytic function of the form 
G(z) = F(z)(bz - l)(z - b), z E A (2.2) 
with Jb( 6 1, F analytic in A and satisfying Re F30. If Jbl < 1, then b is a 
common fixed point of d,, t 3 0 [ 11. Since for each composition semigroup 
{T,} we may consider ther semigroup (C’T,C}, where C is the composi- 
tion with a conformal automorphism of A, we shall assume in what follows 
without loss of generality that b=O. In this case, there exists a unique 
univalent function h such that 
h(d,(z)) = eC’h(z), SEA, t>O, (2.3 ) 
where c= G’(O)= -F(O), G and F being the functions given by (2.2) [l]. 
Since the case c = 0 leads to T, f = f for f E HP, we assume that c # 0. 
If Re c = 0, the function F is constant and h(z) =z. If Re c < 0, h is a 
y-spiral-like function [3, p. 521 with 
Y=arg(-c), I?,,,!! 2 2’ (2.4) 
hence it satisfies 
zh’(z) > o 
Reem’y.- 
h(z) ’ 
ZEA. (2.5) 
The function h given by (2.3) will be called the univalent function 
associated to the semigroup (4,). 
We need the following results concerning spiral-like functions. 
LEMMA 2.1. Let (y( < 7c/2 and f be analytic in A, with f(0) = 0, f’(0) # 0. 
Then f is y-spiral-like if and only if there exists a unique probability measure 
p on C-E, E] such that 
f(z) = f’(O)z exp -2eiY cos y I n log( 1 - e-‘“z) dp(x) , ZEA. -?I 
(2.6) 
The result follows from (2.5) and the Herglotz formula by integration. 
For the special case y = 0, a proof may be found in [9, p. 431. 
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LEMMA 2.2. Let f be a y-spiral-like function, (yj < n/2, and A E @. Then: 
(i) If Re le” ~0, the function [f(z)/z]” is bounded in A. 
(ii) If Re ,Ie’? > 0 and the measure u given by (2.6) has no atoms, 
[,f(z)/z]” is in HYfor all q < co. 
(iii) Suppose that Re de” > 0 and that u has atoms. Then there exists 
x E [ -71, n] such that 
O<P=~({x})=suP~({Y}), YE: C-n, nl (2.7) 
and [f(z)/z]” is in HY for all q< q,,= [2/3 cos y Re IVe17] -I, but is not in 
HQ. 
Proof: (i) follows at once from (2.6) and (ii) is a consequence of the 
result in [ 1, Theorem 4.101. For the proof of (iii) let 
g(z)=f’(O) z exp log(1 -e-‘;z)dp(x) ZEA. (2.8) 
Then 
2 ZEA (2.9) 
and it is known (see [4] or [ 1, Theorem 4.71) that g E Hq for all q < l/2& 
hence f~ Hq for all q < qO. The fact that [f(z)/z]’ is not in Hqo follows 
immediately if we write f(z) = ( 1 - Z) -28 ‘OS W” .fr(z), where f, is y-spiral- 
like, hence univalent, which implies that Ifi\ is bounded away from zero 
near aA. 
DEFINITION 2.3. Let 4 be an analytic function mapping A into itself. 
Suppose that for some u, UE dA, 4(z) tends to u when z tends to u non- 
tangentially. If the quotient (4(z) - u)/(z - u) has a finite limit when z tends 
to u nontangentially, we say that 4 has an angular derivative at u. 
LEMMA 2.4. Let IyI < n/2, f be a y-spiral-like function such that f E HY 
for all q < cc and let u be the measure given by (2.6). Further, for t > 0 let 
4,(z) = f-‘[exp( -eiyt) f(z)]. 
(i) Zf for some B,, O,E[-X,X), 8,#02, we have 
lim r4,- ~,(rei0’)=eio2 and if #I has an angular derivative at eisl, then 
u(Z) = 0, where I is the open interval in C--n, n] with endpoints 0, and 8,. 
(ii) Zf for some @E[--~c,x] we have lim,+,_ dr(re”)=eie, then 4, 
has no angular derivative at e”. 
Proof. (i) Consider the y-spirals 
S,(t) = eiT .exp( -e”t), tE Ft. (2.10) 
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For each ZE A\ {0}, there exists a unique r = t(z) in [ -rc, 7~) such that S, 
passes through f(z). From (2.10) we obtain 
T(Z) = -tan y log If( + argS(z), ZEA\{O}. (2.11) 
Suppose now that 8, < Or, and let E > 0 and Y, E (0, 1) such that 
1% + x r,, = 1 and 8, = arg c+h,(r,,e’“l) > e2 - E > 0, for n 3 3. We have 
f(ddz)) = exp( -e”t) f(z), ZEA (2.12) 
which shows that f(qhl(r,e”‘)) and f(r,@) lie on the same y-spiral, i.e., 
Qr,e”I) = r($,(r,e”‘l)). 
Let p,, = /q4,(rneio1)I <r,,. From (2.13) we obtain 
Let ~(z)=e--“zf’(z)/f(z). From (2.5), (2.11), and (2.14) we have 
s 
02 ~c
HI 
Re p(r,e”) d0 < c” Re p(r,]e”) de 
= 
s ‘” f ImAre’en)dr< (1 -P,)P,;’ ;tx IP(Z Pn rrr 
(2.13) 
(2.14) 
(2.15) 
Since 4, has an angular derivative at e’“I, there exists a positive constant a 
such that 1 - pn < a( 1 - r,), hence, if we choose n so large that p, > f, we 
obtain 
I 
82 ~ E 
Re Ar,e’“) de < 241 - r,,) ,ytx IP(Z (2.16) 
81 ‘n 
If f~ HY for all q < cc, the measure p has no atoms by Lemma 2.2; hence, 
by a well known result of Hayman [6, Theorem II], the right side of (2.16) 
tends to zero when n tends to cc. Since the measure p is the w*-limit of the 
measures pr given by dpJ0) = (l/cos y) Re p(reie) df9 for r tending to 1, the 
result follows. 
In order to prove (ii) suppose that 4, has an angular derivative at eie and 
lim r _ , ~ +,(rei”) = e”. From (2.12) and (2.6), for 0 <r < 1, we have 
ro 
Re eP”log& - 1 t=2cosy 
1 _reiC” - .r) 
1 -ep’“+,(reio) 
dp(x). (2.17) 
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Note also that 
1 _ rer(B-x) 
1 - e-i.xd,(re;o) 
_ 1 < Ifjr(rei8) - reiSl 
’ l-r 
1 - e--i-xd,(reiO) _ 1 < Ifj,(re”) - reiNI 
1 -rei(B-~) ’ l-r 
(2.18) 
(2.19) 
Since $I has an angular derivative at eiB, from (2.18) and (2.19) it follows 
that log I( 1 - re’(‘- ‘) )/(l -e-‘-‘4,(re”))l is bounded for Ox r < 1 and 
x E [-x, rc]. Further, p has no atoms, hence lim, _ , ~ log I( 1 - re’(‘~“))/ 
(1 -e’.‘#,(re”))l =O, p a.e. Letting r tend to 1 in (2.17) and using the 
bounded convergence theorem we obtain t = 0, which is impossible. 
A final lemma is needed concerning the compactness on HP of composi- 
tion operators generated by univalent functions. The proof of this 
remarkable result may be found in [7] or [ 11). 
LEMMA 2.5. Let 4 be an univalent function mapping A into itself. Then 
the composition operator T, given by 
V- =.fod, f EHP, (2.20) 
is compact on HP, 1 d p < co, if and only if 6 has no angular derivatives at 
any point u E i3A. 
3. THE COMPACTNESS OF THE RESOLVENT OPERATOR 
The following result gives a necessary and sufficient condition for the 
compactness of R(5 Ap). 
THEOREM 3.1. Let 1 dp < cc and suppose that (4,) has an associated 
univalent function h: Then R(1, AP) is compact on HP if and only if h is in 
HYfor all q<ao. 
Proof. For the proof of the “only if” part we use the same method as 
in [S, Theorem 21. Since II T,/I d 1 for all t 3 0, we may suppose that 
R(1, AP) is compact on HP, where Re i > 0. By [ 13, p. 2411 we have 
CR(k A,)fl(z) = jam e-“f(4,(z)) dt, z E A. (3.1) 
Let S, be the subspace of [HP]* spanned by the functionals I,, 0 <k B n, 
given by 
hf=f'k'(o), fsHP. (3.2) 
176 ALEXANDRUALEMAN 
From (3.1) it follows by induction that [R(& A,)] * maps S, into itself and 
that the matrix which represents [R(I, A,,)]* on S, is triangular with 
diagonal entries ;Lk = (i-c .k)- ‘, 0 6k 6n, where c is the number given 
by (2.3). Then the numbers E., are eigenvalues of [R(n, A,)]*, hence of 
R(1, Ap). A standard computation shows that for 06 k <n, i. - l/i, are 
eigenvalues of A,,. By [ 1, Theorem 4.31 the corresponding eigenfunctions 
are hk, hence h E HY for all q < XI. 
Conversely, suppose that h E HY for all q < co. Let c be given by (2.3). If 
Re c=O, i.e., h(z) EZ, it was proved in [lo] that R(j., AP) is compact on 
HP. Suppose that Re c < 0, such that h is y-spiral-like with y = arg( -c). We 
assume for the beginning that measure p given by (2.6) satisfies ~(1) > 0 for 
any open, nonvoid interval Ic [ -rr, rc] (i.e., the increasing function 
associated to p is strictly increasing on [ - rc, rc] ). Then by Lemmas 2.2 and 
2.5, the operators T, are compact for all t > 0, which shows that R(i., AP) 
is compact on HP [S, Theorem 2.331. For arbitrary h, fix c( E (0, 1) and let 
h,(z) =z. [h(z)/z]“. By (2.5), h, is y-spiral-like. Consider the semigroup 
{&} with d;(z) = h, ‘(e”‘h,(z)). Obviously h, E HY for all q < co, and if ,nl 
is the measure given by (2.6) then &, 3 (1 -c() de, which shows that 
p,(Z) > 0 for any open, nonvoid interval Zc [ -71, rc]. Denote by A; the 
infinitesimal generator of the corresponding composition semigroup on Hp. 
It was shown in [lo] that for .f~ HP 
[R(-c,A,)fl(z)= --&-&f-(u)h’(u)du. IEA, (3.3) 
which leads to 
R(-c,A,)f=R(-c,A~)U,f, fEHP, (3.4) 
where Ui, is given by 
u,f(z) = j-& j”’ f(u) h’(u) du + h,(z) h’(z) 
0 hb(z) h(z) 
1 > zEA,fEHC (3.5) 
Let p(z)=e-@(zh’(z)/h(z)). Then h,h’/hhh=p/(clp+(l-cr)e-“) is a 
bounded function in A, because Rep 20; i.e., U, is a bounded operator 
on HP, and the proof is complete. 
COROLLARY 3.2. Suppose that for any open, nonvoid interval /c 
[ -x, Z] we have p(Z) > 0. Then R(I, AP) for 1 <p < aj is compact on HP 
if and only if the operators T, are compact on HP for all t > 0. 
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In the general case the compactness of R(A, AP) does not imply the com- 
pactness of the operators T,, t > 0. This is a consequence of Lemma 2.5 and 
of the following result. 
PROPOSITION 3.3. Zf h is y-spiral-like function, I”JJ < 42, and there exists 
an open, nonvoid interval Zc [I-x, II ] such that p(Z) = 0, then there exists 
t, > 0 such that for any t < t,, dt(z) = h -‘[exp( -ertt) h(z)] extends analyti- 
cally across an open, nonvoid arc J, c aA and Id,1 E 1 on J,. In particular, 4, 
has an angular derivative at each point of J,, for t < t,. 
Proof Let p(z) =e~“zh’(z)/h(z). By the classical Fatou theorem and 
the reflection principle, p, hence h, extends analytically across I. Since 
Rep =0 on Z it follows that h(Z) lies on the same y-spiral. Let 
I, = sup(e-” log( y,/yz), y,, y, E h(Z)}. Then for each t < t, there exists an 
open, nonvoid arc J, c aA such that Id,1 = 1 on J,. The above argument 
applied to the function log(d,(z)/z) h s ows that 4, extends analytically 
across J,. 
Consequently, any spiral-like function h, constructed by means of (2.6) 
with a measure p having no atoms and whose support omits an open, 
nonvoid interval, generates a composition semigroup on HP, whose 
infinitesimal generator has a compact resolvent on HP, but the composition 
operators T, are not compact for all t > 0. 
COROLLARY 3.4. Zf R(1, AP) is compact on HP for some p, 1 G p < co, 
then R(& AY) is compact on HY for all q, 1 <q < co. 
Proof If R(I, AP) is compact on HP, the associated univalent function 
h belongs to H” for all s < co and so does the function h, constructed in 
the proof of Theorem 3.1 for fixed (x E (0, 1). Then the corresponding com- 
position operators Ty are compact on HP for all t > 0, by Corollary 3.2. By 
a well known result on composition operators [S, 121 it follows that T; 
are compact on HY for 1 < q < co. This implies the compactness of R(L, A;) 
and the result follows using the same argument as in the proof of 
Theorem 3.1. 
If R(I, At,) is compact on HP, its spectrum consists only of (0) and 
isolated eigenvalues and it may be obtained by direct computation from [ 1, 
Theorem 4.33. If R(1, AP) is not compact on HP, by Theorem 3.1 there is 
q > 0 such that h $ HY, hence Re c < 0, and by Lemma 2.2 the measure p 
given by (2.6) has atoms. With the same notations as in (2.3), (2.4) and 
(2.7) we have: 
THEOREM 3.5. Let 1 <p < CC and suppose that R(A, AP) is not compact 
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on HP. Then the spectrum of R(/Z, AP) contains a closed disc of positive 
radius, which is the image of 
PB cos Y pp cos y 
2pj3 cos2 y + 1 
d ICI ’ 
2pp cos2 y + 1 
(3.6) 
by the fractional transform f>,(z) = z/((i + c)z + 1). 
ProuJ Let cr~@\((O}u(-l/(k+l)z, k=0,1,2,...)) and r be a 
positive integer such that r > -2 - Re(l/ac). By (3.3), we may consider 
R( -c, A,,) as an integral operator on the space of analytic functions in A. 
Using an integration by parts and some simple computations we obtain 
that the function 
Q(z) = [&)I 1~ l/l<. PIE A (3.7) 
is the unique analytic function in A which satisfies 
[(al-N-c, A,)El(z)=-$ &, z E A. (3.8) 
The analyticity of Q follows at once from (3.7) by letting u = SZ, 0 <s d 1, 
and integrating on [0, 11. Suppose in addition that c( satisfies 
Re$ ICI 
2pfi cos2 y + 1 
2PP cos Y 
(3.9) 
Consider the analytic function P, given by 
h(u) ‘ix‘ 
Ur+l+l~z~~ __ ) c 1 ZEA. (3.10) u 
By (3.9) and (i) of Lemma 2.2, P has bounded derivative in A, so that 
[2, p. 421 P extends to be continuous in 2. Let x E dA be the point given 
by (2.7) and choose r such that P(x) # 0. Then by,(3.9) and (iii) of Lemma 
2.2 the function Q given by (3.7) is not in HP. On the other hand, since h 
is univalent in A, lh(z)l is bounded away from zero for z near 8A so that 
(Mr+ l)W+’ /h(z)) is bounded in A. Since Q is the unique solution of 
(3.8), txl- R( -c, AD) cannot be onto. Thus, the spectrum of R( -c, A,,) 
contains all the points ~E@\({O} u {-I/(/r+ l)c, k=O, 1,2...}) which 
satisfy (3.9), or equivalently the spectrum of R( -c, AP) (which is a closed 
set) contains d,. For arbitrary 3. in the resolvent set of A,, the result 
follows by the spectral marpping theorem. 
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This result was obtained in [lo] in the special case when d,(z) = 
k’(e-‘h(z)), ZEA, t>O, and h(z)=z/(l -z)*O, O<fl<l. In this case 
c= -1 and y=O. 
Remark 3.6. The argument used in the proof of Theorem 3.5 combined 
with (iii) of Lemma 2.2 provides an alternative proof of the “only if” part 
of Theorem 3.1. 
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